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A M-hyperfactorization of Ko, is a collection of 1-factors of Koy, for which each pair of disjoint
edges appears in precisely A of the 1-factors. We call a A-hyperfactorization trivial if it contains
each 1-factor of Ky, with the same multiplicity v (then A = 4(2n — 5)!!). A A-hyperfactorization
is called simple if each 1-factor of Ky, appears at most once. Prjor to this paper, the only known
non-trivial M\-hyperfactorizations had one of the following parameters (or were multipliers of such an
example)

(i) 2n=2%+2, A =1 (for all a > 3); cf. Cameron [3];
(ii) 2n =12, A = 15 or 2n = 24, A = 495; cf. Jungnickel and Vanstone [8].

In the present paper we show the existence of non-trivial simple A-hyperfactorizations of Ko,
for all n > 5.

1. Introduction

1-factorizations (and more generally, c-factorizations) of the complete graph Ky,
are among the best-known objects in graph theory; see Bondy and Murty (2] for
terms from graph theory and the survey paper Mendelsohn and Rosa [11] for 1-
factorizations. In this paper, we shall be concerned with the stronger notion of a A-
hyperfactorization. This is a collection H of 1-factors of Ky, satisfying the following
condition:

(HF) Any two disjoint edges of K3, belong to exactly A 1-factors in H.

Note that we allow the use of 1-factors more than once; if H contains each 1-
factor at most once, we shall call H simple. The integer A is also called the indez of
the hyperfactorization H. Before we discuss examples, let us first note the following
simple observations.

Lemma 1.1. Let H be a A-hyperfactorization of Ko,. Then H consists of A(2n —
1)(2n — 3) 1-factors, and each edge of Ko, is in exactly A(2n — 3) of these 1-factors.

Lemma 1.2. The total number of 1-factors of Ko, is (2n — )I! = (2n - 1) x
(2n —3)-...-3-1. Thus all 1-factors of Ky, form a hyperfactorization of index
A=(2n-5)!1.

The proofs of 1.1 and 1.2 are left to the reader. The examples provided by
1.2 are, of course, trivial; we will call each hyperfactorization containing every 1-
factor of Ko, (with constant multiplicity) ¢rivial. Our interest in this paper will be
in the existence question for non-trivial simple hyperfactorizations, a not entirely
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trivial problem, as we shall presently see from indicating the known results. The
only known infinite series of examples (up to taking multiples) is as follows.

Result 1.3. (Cameron [3]). There exists a hyperfactorization in Ksa 9 for all a > 2.
More generally, if there exists a finite projective plane of even order n which contains
a hyperoval then there exists a hyperfactorization of index 1 in Ky 9.

The examples mentioned in 1.3 cover all values of n for which a 1-hyperfactor-
ization in Ko, is known to exist. Non-existence results are even scarcer. Cameron [3]
and Mathon [10] show the non-existence of a 1-hyperfactorization in Kg, and Lam,
Thiel, Swiercz and McKay [9] have ruled out the case Kj9 by a computer search. It
should be noted that 1-hyperfactorizations do not necessarily belong to hyperovals
in projective planes of order n, as an example of Mathon [10] (for K1p) shows. They
do, however, always admit a nice geometric interpretation as a “partial geometry”,
(see Mathon (10] and, for arbitrary A, Jungnickel and Vanstone (8]).

The only other known nontrivial hyperfactorizations were constructed by two of
the present authors in [8], using the Mathieu groups My and May4 (see, e.g., [1] for
a combinatorial treatment of these groups):

Proposition 1.4. There exists both a 15-hyperfactorization in K19 and a 495-hyper-
factorization in Ko4.

In the present paper, we shall show the existence of non-trivial hyperfactoriza-
tions for all possible values of n.

Main theorem. There exists a non-trivial simple hyperfactorization in Ko, for all
n > 5.

We shall prove this result by means of a recursive construction in Section 2. This
leaves the difficult problem of determining (for given n) the spectrum of those A for
which a (simple) A-hyperfactorization of Ky, exists. We shall obtain some further
series of examples in Section 3.

Chris Godsil has noticed that the existence of nontrivial hyperfactorizations of
Ky, (for n > 5) can be obtained as a special case of a general theory introduced in
his paper [4]. However, his approach gives no control over the size of A and will, in
particular, not guarantee the existence of simple nontrivial A-hyperfactorizations.

We conclude the introduction by pointing out that the existence of hyperfactor-
izations of small index is of considerable interest in Design Theory. It was shown in
[6] that any A-hyperfactorization of Koy, yields a 5-design Sy55(5,6,2n). We refer the
reader to Beth, Jungnickel and Lenz [1] for background on designs. Result 1.3 thus
yields the only known series of 5-designs with a fixed A-value, i.e., S15(5,6,2% + 2)
for @ > 3. Unfortunately, the hyperfactorizations constructed in the present paper
are of no interest for design theory, as they result in designs S;5(95,_5)c(5,6, 2n) (for
suitable values of c), whereas the trivial 5-design formed by all 6-subsets of a 2n-
set is an S9,—5(5,6,2n). Thus our examples only yield (quasi-)multiples of trivial
5-designs.
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2. A recursive construction

In this section we shall prove out principal result, i.e. the existence of simple
non-trivial hyperfactorizations of Ky, for all n > 5. This will be a consequence of
the following recursive construction.

Theorem 2.1. Assume the existence of a (simple} A-hyperfactorization in Ka,,. Then
there also exists a (simple) y-hyperfactorization in Ko, 9, where v = A{(2n — 3).

Proof. Let X = {1,2,...,2n + 2} and let F be a hyperfactorization on {3,4,...,
2n+2} =Y. We put e = {1, 2} and from the following sets of 1-factors on X:

H.={FU{e} : FEF}
and, for each ordered pair (a,b) of distinct elements a, b of Y,

Hyp = {(F\{{a,6}}) U{{1,a},{2,b}} : F€F {a,b}cF}

We claim that
H=H.U () Hyp
(a,b)
is the desired ~-hyperfactorization on X. Thus consider any pair of disjoint edges
{a, b}, {c,d}. Then we have one of the following four cases.

(1) {e,d} = {1,2} = e and a, b € Y. Since no H,; contains the edge e, we
obtain exactly A(2n — 3) 1-factors in H containing both edges. These are
the 1-factors determined by the A(2n — 3) 1-factors in F containing the edge
{a,b}.

(ii) Exactly 3 of the elements a, b, ¢, d are in Y, say d = 1 (the case d = 2 is
similar) and a, b, c € Y. Then a 1-factor in H containing both edges has to
belong to Hey for some y € Y. Now there are exactly A(2n — 3) 1-factors
F € F containing the edge {a,b}. Each of these contains a unique edge of
the form {c,y}. Thus we again obtain exactly A(2n—3) 1-factors in H which
contain both edges.

(iii) {a,b} = {1,b} and {c,d} = {2,d}. The only 1-factors in H containing both
edges belong to Hyg. Since the edge {b,d} is in exactly A(2n — 3) 1-factors
in F, we again obtain A(2n — 3) 1-factors H € H containing both edges.

(iv) a, b, ¢, d € Y. Then {a,b} and {c,d} are in exactly A common 1-factors
F € F. For each such F we obtain 2n — 3 1-factors H € H containing both
edges: one 1-factor FU{e} in Fe and one 1-factor each in Hzy and Hy, for
each of the remaining n — 2 edges {z,y} € F. Again, the total number of
1-factors in H containing both edges is A(2n — 3).

Thus H is indeed a y-hyperfactorization on X. It is obvious from our construction
that H is simple if and only if F is simple. [ ]

Since there exists a (simple) 1-hyperfactorization in Kjg (see Result 1.3), a
recursive application of Theorem 2.1 suffices to prove our principal result:

Main Theorem. There exists a simple non-trivial hyperfactorization of Kay for all
n>5.
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Remarks.

Clearly no non-trivial hyperfactorization can exist in Ky,, for n < 3. For n =4,

the trivial simple hyperfactorization has index A = 3. Since it is known that Kg
does not admit a 1-hyperfactorization (see [3] or [10]), we cannot have a simple 2-
hyperfactorization of Kg either (for its complement would be a 1-hyperfactorization).
Thus Theorem 2.2 does not hold for n = 4. Nevertheless, Joe Horton [6] has recently
constructed a 2-hyperfactorization of Kg. His example contains exactly 7 repeated
1-factors and is invariant under the cyclic group of order 7.
Example 2.4. Using Theorem 2.1 and Result 1.3, we in particular obtain a simple
A-hyperfactorization for A = 2% — 1 in Koayyg (a > 3). Thus we get a simple 7-
hyperfactorization in K9, whereas the previously known example has A = 15 (see
Proposition 1.4).

In view of Theorem 2.2, we now have the problem of determining the spectrum
of those A for which a simple A-hyperfactorization in Ky, exists. We first observe
the following;:

Lemma 2.5. The existence of a simple A-hyperfactorization of K9, implies that of a
simple p-hyperfactorization where p = (2n — 5)!! — A.

Proof. Take the complement of the A-hyperfactorization (with respect to the set of
all 1-factors of Kj,). (]

Thus we may restrict ourselves to cases with A < (2n — 5)!1/2. Using the known
1-hyperfactorizations, see Theorem 1.3, we get the following results.

Theorem 2.6. There exists a simple Ay-hyperfactorization of Koy, (n > 5), where
A=(2n-5)...(2°-1)

for all a > 3 satisfying 2°~! <n —1. When 20~} = n ~ 1 then A\, = 1.

Proof. By assumption, 2% + 2 < 2n. For 2% + 2 < 2n the assertion follows by
recursively applying Theorem 2.1 to a 1-hyperfactorization in Koa 9. 1

Corollary 2.7. For n > 5, there exists a simple non-trivial A-hyperfactorization of
Ko, with

A<(2n-5)...(n-1)
Proof. Selecting the largest possible value for a in Theorem 2.6 guarantees that also
n < 2%, |

We shall construct further examples of simple hyperfactorizations in the next
section.

3. Unions of simple hyperfactorizations

In this section we shall give a construction that allows (under certain conditions)
to produce a simple (A + u)-hyperfactorization in Ko, from simple M- and p-hyper-
factorizations. The method of proof is somewhat similar to an argument used by van
Trung [12] for a construction of simple ¢-designs.
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Theorem 3.1. Assume the existence of simple A- and u-hyperfactorizations in Koy,
respectively. If

(%) Aun—1D)(2n=3)2" 2 < 2n - 4)(2n —5)...(n - 1),
then there also exists a simple () + p)-hyperfactorization in Koy,

Proof. Let F and G be simple hyperfactorizations of Ko, with indices A and g,
respectively. Then

H° =FUG?
is a (A + p)-hyperfactorization for any permutation o in the symmetric group So, on
the vertex set {1,...,2n} of Kg,. (Here unions are to be understood as multisets,

with multiplicities taken into account.) We want to show that there is a choice for
o leading to a simple H? provided that (x) is satisfied.

Given any two 1-factors F and F’' of Ko, there are exactly 2"n! permutations
o € Sy, with FO = F'. Thus, given F € F and G € G, there will be exactly 2"n!
choices for o such that G = F. Then HY contains F' as a repeated 1-factor. Since
there are u(2n — 1)(2n — 3) choices for G and A(2n — 1)(2n — 3) choices for F, at
most Ap(2n — 1)2(2n — 3)22™n! permutations o € Sz, lead to a nonsimple H?. Thus
we can clearly choose a o for which H? is simple if Au(2n —1)2(2n— 3)22"n! < (2n)!
which is equivalent to (). (]

Corollary 3.2. Assume the existence of a 1-hyperfactorization of Kop,. Then there
exists a simple ~-hyperfactorization of Ko, provided that

(*x) (v-1)(2r—-1)2n— "< (m—-9)(2n-5)...(n—1).
Proof. Apply 3.1 recursively for A=1,...,v—1 with g =1. ]

We shall now use our results to discuss the spectrum of those A for which a
gsimple) M-hyperfactorization is known ti exist for 2n < 24. This updates the
iscussion in [8]. In view of 2.5, we restrict ourselves to A < (2n — 5)!!/2 in the
simple case. The results exhibited are easily obtained from 1.3, 1.4, 2.1 and 3.2. We
will still list them in tabular form, leaving the details to the reader.

trivial A: not necessarily simple
2n| (2n-5)! simple examples for indices examples for indices
6 1 1
8 3 3 2
10 15 1 A>2
12 105 | 715 14,21,22,28,29,30,..., A > 84
14 945 63;135 9z (z as for 2n = 12)
16 10,395 693;1485 99z (z as for 2n = 12)
18| 135,135 | A < 530,9009;19305 A > 531
20 2,027,025 {15z (x < 530);135,135;289,575 15z (z > 531)
22| 34,450,425 | 255z (z < 530);2,297,295;4,922,775 | 255z (z > 531)
24 654,729,075 | 495y (y < 6);4845z (z < 530); 4845z + 495y
43,648,605;93,532,725
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4. Conclusion

Prior to this paper, non-trivial hyperfactorizations of Ky, were known to exist
only for 2n = 12, 24 or 2% + 2 (a > 3). We have substantially improved this by
showing the existence of simple non-trivial hyperfactorizations in Ky, for all n > 5.
However, the problem of determining the spectrum of all A for which a simple A-
hyperfactorization of K9, exists, remains largely unsolved. In this connection, we
feel that the following specific problems are important.

Problem 1. Is there a recursive construction that produces a simple ~-hyperfactor-
ization from a simple A-hyperfactorization where v < A(2n — 3)?

Problem 2. Find new direct constructions for simple hyperfactorizations.

Problem 3. Does there exist a 1-hyperfactorization for any Koy, with 2n # 2% + 27
Find non-existence results for 1-hyperfactorizations. Does the existence of a 1-
hyperfactorization of Ko, imply the existence of a projective plane of order 2n — 2
containing a hyperoval, if n is sufficiently large? (This is not true for 2n = 8 by the
example of Mathon [10], as mentioned in the introduction.)

Problem 4. Is the spectrum of A for which a simple A-hyperfactorization of Koy,
exists an interval (and thus of the form [c,...,(2n — 5)!! — ¢] by Lemma 2.5)7
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